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$\mathbb{R}^{n}$
1. $\mathbb{R}^{n}$
$d_{i}\equiv(d_{i}^{1}, d_{\dot{0}}^{2}, \cdots, d_{\dot{l}}^{n})^{T}\in \mathbb{R}^{n},$ $i\in M\equiv\{1,2, \cdots, m\}$ $\mathbb{R}^{n}$
$||$ . [ $x\equiv(x^{1}, x^{2}, \cdots, x^{n})^{T}\in \mathbb{R}^{n}$
$D\equiv\{d_{1}, d_{2}, \cdots, d_{m}\}$ $j\in J\equiv\{1,2, \cdots, n\}$ $x_{0}\in \mathbb{R}$
$D\not\subset\{(x^{1}, x^{2}, \cdots, x^{n})^{T}\in \mathbb{R}^{n} : x^{j}=x_{0}\}$
$n$
(P) $\min f(x)\equiv(||x-d_{1}||_{1}, ||x-d_{2}||_{1}, \cdots, ||x-d_{m}||_{1})^{T}$
$X\in \mathrm{R}^{\mathfrak{n}}$
(P) $x_{0}\in \mathbb{R}^{n}$ [ $f(x)\leq f(x_{0})$ $f(x)\neq f(x_{0})$ $x\in \mathbb{R}^{n}$




$d_{i},$ $i\in M$ $\lambda\equiv(\lambda^{1}, \lambda^{2}, \cdots, \lambda^{m})^{T}$ $(\mathrm{P}\lambda)$
$S^{*}(\lambda)$
$\mathbb{R}^{2}$ $\mathbb{R}^{3}$ (P) [1] [6]
$(\mathrm{P}\lambda)$ [2] $\mathbb{R}^{n}$
(P) $(\mathrm{P}\lambda)$ $E(D)$





1([8] ) $x_{0}\in \mathbb{R}^{n}$ (P) $x_{0}$ $\lambda>0$ $(\mathrm{P})\lambda$
1 $E(D)$






$(\mathrm{P}\lambda)$ $n$ 1 $x^{*}\equiv(x^{1*}, x^{2*}, \cdots, x^{n*})^{T}$
$\in S^{*}(\lambda)$ $x^{j*},$ $j\in J$ 1
(Pj) $\min_{x\in \mathrm{R}}gj(x)\equiv\sum_{i=1}^{m}\lambda^{i}|x-d_{i}^{j}|$
1 [2] $j\in J$ $\lambda$
$(\mathrm{P}_{j})$ $S_{j}^{*}(\lambda)$ $(\mathrm{P}_{1})$ $(\mathrm{P}_{j})$ , $j\in\{2,3,$ $\cdots$ ,
$n\}$ $(\mathrm{P}_{1})$
$f$ : $\mathbb{R}arrow \mathbb{R}$ $[perp] dfx[perp] dx^{-}’+_{dx}^{dfx}$ $f(x)$
$\frac{df(x)}{dx^{-}}=\lim_{\alpha\uparrow 0}\frac{f(x+\alpha)-f(x)}{\alpha},$ $\frac{df(x)}{dx^{+}}=\lim_{\alpha\downarrow 0}\frac{f(x+\alpha)-f(x)}{\alpha}$
$\partial f(x)=[\frac{df(x)}{dx^{-}},$ $\frac{df(x)}{dx^{+}}]\equiv\{y\in \mathbb{R}$ : $\frac{df(x)}{dx^{-}}\leq y\leq\frac{df(x)}{dx^{+}}\}$
$x_{0}\in \mathbb{R}$ $f$ $0\in\partial f(x_{0})$ (
[4] )






$\lambda^{i}$ , $\frac{dg_{1}(x)}{dx^{+}}|_{x=d_{k}^{1}}=$ $\sum$ $\lambda^{:}-$ $\sum$ $\lambda^{i}$
$i\in L(d_{k}^{1})$ $i\in R(d_{k}^{1})\cup I(d_{k}^{1})$ $\mathrm{i}\in L(d_{k}^{1})\cup I(d_{k}^{1})$ $:\in R(d_{k}^{1})$
(2) $\partial g_{1}(d_{k}^{1})=[\sum_{i\in L(d_{k}^{1})}\lambda^{i}-\sum_{i\in R(d_{k}^{1})\cup I(d_{k}^{1})}\lambda:,\sum_{i\in L(d_{k}^{1})\cup I(d_{k}^{1})}\lambda^{i}-\sum_{i\in R(d_{k}^{1})}\lambda^{\mathrm{i}}]$
(2) $d_{k}^{1}\in S_{1}^{*}(\lambda)$
(3) $\{$
$\frac{dg_{1}(x)}{dx^{-}}|_{x=d_{k}^{1}}=\sum_{i\in L(d_{k}^{1})}\lambda^{:}-\sum_{i\in R(d_{k}^{1})\cup I(d_{k}^{1})}\lambda:\leq 0$
$\frac{dg_{1}(x)}{dx^{+}}|_{x=d_{k}^{1}}=\sum_{i\in L(d_{k}^{1})\cup I(d_{k}^{1})}\lambda^{i}-\sum_{i\in R(d_{k}^{1})}\lambda^{i}\geq 0$
$d_{\min} \equiv\min\{d_{i}^{1} : i\in M\}$ $d_{\max} \equiv\max\{d_{i}^{1} : i\in M\}$
1([6]) $\lambda>0$ $S_{1}^{*}(\lambda)\subset[d_{\min}, d_{\max}]$
3. $(\mathrm{P}\lambda)$ (P)
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$x_{0}\ovalbox{\tt\small REJECT}(x\ovalbox{\tt\small REJECT}, x3, \cdots, x\ovalbox{\tt\small REJECT})^{T}\in \mathbb{R}^{n}$ ( $x\ovalbox{\tt\small REJECT}\in\{d\ovalbox{\tt\small REJECT}_{\ovalbox{\tt\small REJECT}}i\in M\},$ $j\in J$ $x_{0}$
$I$
$d_{\min}^{j} \equiv\min\{d_{i}^{j} : i\in M\},$ $d_{\max}^{j} \equiv\max\{d_{i}^{j} : i\in M\},$ $j\in J$
$B\equiv\{(x^{1}, x^{2}, \cdots, x^{n})^{T}\in \mathbb{R}^{n} : d_{\min}^{j}\leq x^{j}\leq d_{\max}^{j},j\in J\}$
( 1) 1 1 $E(D)\subset B$
1 , ,
$\{e_{1}, e_{2}, \cdots, e_{n}\}$ $\mathbb{R}^{n}$ $e_{j},j\in J$ $j$ 1 0
$x_{k}\equiv(x_{k}^{1}, x_{k}^{2}, \cdots, x_{k}^{n})^{T}$ $x_{h}\equiv(x_{h}^{1}, x_{h}^{2}, \cdots, x_{h}^{n})^{T}$ $j\in J$ ( $x_{k}^{j}>x_{h}^{j}$ (resp.
$x_{k}^{j}<x_{h}^{j}),$ $x_{k}^{j’}=x_{h}^{j’},$ $j’\neq j$ $x_{h}^{j}<x_{s}^{j}<x_{k}^{j}$ (resp. $x_{k}^{j}<x_{s}^{j}<x_{h}^{\mathrm{j}}$ ) $x_{s}\equiv(x_{s}^{1}, x_{s}^{2}, \cdots, x_{\theta}^{n})^{T}\in I$
$x_{k}$ $x_{h}$ $e_{j}$ - (resp. $-ej$ - )
$j\in J$ [ $d_{[1]}^{j},$ $d_{[2]}^{j},$ $\cdots,$ $d_{[m_{\mathrm{J}}]}^{j}$ $d_{1}^{j},$ $d_{2}^{j},$ $\cdots,$ $d_{m}^{j}$ $d_{[1]}^{j}<d_{[2]}^{j}<\cdots<$
$d^{\mathrm{j}}$
$[m_{\mathrm{j}}]$
$F_{2k-1}^{j}\equiv\{d_{[k]}^{j}\},$ $k=1,2,$ $\cdots,$ $m_{j}$
$F_{2k}^{j}\equiv[d_{[k]}^{j},$ $d_{[k+1]}^{j}],$ $k=1,2,$ $\cdots$ , mj–l
$k_{j}\in\{1,2, \cdots, 2m_{j}-1\},$ $j\in J$ [ $F_{k_{1}}^{1}\cross F_{k_{2}}^{2}\cross\cdots\cross F_{k_{\mathfrak{n}}}^{n}$ [
$k_{1},$ $k_{2},$
$\cdots,$
$k_{n}$ $k$ $F_{k_{1}}^{1}\cross F_{k_{2}}^{2}\cross\cdots\cross F_{k_{\mathrm{n}}}^{n}$ $k$- ( 1)
$\lambda>0$ $k_{j}\in\{1,2, \cdots, 2mj-1\},$ $j\in J$ $S^{*}(\lambda)=F_{k_{1}}^{1}\cross F_{k_{2}}^{2}\cross\cdots\cross$
$F_{k_{n}}^{n}$ $E(D)$ $E(D)$ 1-
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$E(D)$




1([7]) $x_{1}\equiv(x_{1}^{1}, x_{1}^{2}, \cdots, x_{1}^{n})^{T},$ $x_{2}\equiv(x_{2}^{1}, x_{2}^{2}, \cdots, x_{2}^{n})^{T}\in B$ . $j_{0}\in J$ ( $x_{1}^{j_{0}}\neq$
$x_{2}^{j_{0}}$ $x_{1}^{j}=x_{2}^{j},$ $j\neq j_{0}$ $x^{*}\equiv\alpha x_{1}+(1-\alpha)x_{2},$ $\alpha\in(0,1)\equiv\{y\in \mathbb{R}:0<y<1\}$
$x_{1},$ $x_{2}\in E(D)$ $x^{*}\in E(D)$
1 (P) (P)
3([6]) $h_{1}(w)$ $h_{2}(w)$ $\mathbb{R}$ $i=1,2$ $h_{:}$ $w_{i}$ $\mathrm{A}^{\mathrm{a}}$
$w_{1}\leq w_{2}$ $\overline{w}\in[w_{1}, w_{2}]$
{ $\theta\in[0,1]$ : $\overline{w}$ minimizes $\theta h_{2}(w)+(1-\theta)h_{1}(w)$ }
2([7]) $x_{h}\equiv(x_{h}^{1}, x_{h}^{2}, \cdots, x_{h}^{n})^{T},$ $x_{k}\equiv(x_{k}^{1}, x_{k}^{2}, \cdots, x_{k}^{n})^{T}\in E(D)\cap I\}$ $J_{0}\equiv\{j\in J$ : $x_{h}^{\mathrm{j}}\neq$
$x_{k}^{j}\}\neq\emptyset$ $j\in J_{0}$ [ $x_{h}^{j}>x_{k}^{j}$ (resp. $x_{h}^{j}<x_{k}^{j}$ ) $y_{j}\equiv(y_{j}^{1}, y_{j}^{2}, \cdots, y_{j}^{n})^{T}$
$x_{k}$ $e_{j}$ - (resp. $-e_{j}$ - ) $j_{0}\in J_{0}$ $y_{j_{0}}\in E(D)$





$x_{0}\equiv(x_{0}^{1}, x_{0}^{2}, \cdots, x_{0}^{n})^{T}$ 1 $x_{0}\in E(D)$ $\lambda>$
$0$ $x_{0}\in S^{*}(\lambda)$ (3) $\lambda>0$ $x_{0}\in S^{*}(\lambda)$
(4) $\{$
$\frac{dg_{j}(x)}{dx^{-}}|_{x=x_{0}^{\mathrm{j}}}=\sum_{i\in L_{j}(x_{0}^{j})}\lambda^{i}-\sum_{i\in R_{j}(x_{0}^{j})\cup I_{j}(x_{0}^{J})}\lambda^{i}\leq 0,$
$j\in J$ .
$\frac{dg_{j}(x)}{dx^{+}}|_{x=x_{0}^{j}}=\sum_{:\in L_{j}(x_{0}^{j})\cup I_{j}(x_{0}^{j})}\lambda^{i}-$
$\sum \mathit{9}$ \lambda i
$\geq 0,$ $j\in J$
$i\in R_{j}(x\mathit{9}$
$j\in J$ [ $L_{j}(x_{0}^{j})\equiv\{i\in M:d_{i}^{j}<x_{0}^{j}\},$ $R_{\mathrm{j}}(x_{0}^{j})\equiv\{i\in M:d_{i}^{j}>x_{0}^{j}\}$ ,
$I_{j}(x_{0}^{j})\equiv\{i\in M:d_{i}^{j}=x_{0}^{j}\}$ $x_{0}\in E(D)$ (4) $\lambda>$
$0$ $i\in M,$ $j\in J$
$a_{ij}=\{$
-1 if $i\in L_{j}(x_{0}^{j})$
+1 if $i\in R_{j}(x_{0}^{j})\cup Ij(x_{0}^{j})$
$a_{i,n+j}=\{$
-1 if $i\in R_{j}(x_{0}^{j})$
+1 if $i\in L_{j}(x_{0}^{j})\cup I_{\mathrm{j}}(x_{0}^{j},)$
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$A=(a_{ji})\in \mathbb{R}^{2n\cross m}$ (4) ( $A\lambda\geq 0$ $x_{0}\in E(D)$
$A\lambda\geq 0,$ $\lambda>0$ $\lambda$
4([10]) $A$
I $A^{T}\mu\leq 0,$ $A^{T}\mu\neq 0,$ $\mu\geq 0$ ( $\mu$
$\mathrm{I}\mathrm{I}A\lambda\geq 0,$ $\lambda>0$ $\lambda$
4 $A\lambda\geq 0,$ $\lambda>0$ $\lambda$ $x_{0}$
(LP)
$\min$ $\sum_{i=1}^{m}a_{i}^{T}\mu$
subject to $A^{T}\mu\leq 0$
$\mu\geq 0$
0 $a_{i}$ $A$ $i$ $x_{0}$ (P)
(LP)
5 $x_{0}\in I$ $x_{0}\in E(D)$ $x0$ (LP) 0
$E(D)$ $E(D)$ 1-
$(V, E)$ $V=I\cap E(D)$ $E$
$x_{1},$ $x_{2}\in I\cap E(D)$ $x_{1}$ $x_{2}$ $a(x_{1}, x_{2})$ $E$
$x_{1}$ $x_{2}$ (P) $E(D)$
$I[] \mathrm{I}$
$I=\{(d_{[k_{1}]}^{1}, d_{[k_{2}]}^{2}, \cdots, d_{[k_{n}]}^{n})^{T}\in \mathbb{R}^{n} : k_{j}\in\{1,2, \cdots, mj\},j\in J\}$
$E(D)$ 1- $L$
$S\subset L$ 1- $E(D)$
$G$ , H\subset I’ (P)
(P) $T$ $E(D)$ 1-
[ $x,$ $y\in \mathbb{R}^{n}$ [ $[x, y]\equiv\{(1-\lambda)x+\lambda y:\lambda\in[0,1]\}$
0 $S=\emptyset,$ $H=\emptyset,$ $G=D,$ $T=\emptyset$ $d_{k}\in D$ $L=\{d_{k}\}$
1 $L=S$ ($T$ $E(D)$ )
2 } $x_{0}=(d_{[k_{1}]}^{1}, d_{[k_{2}]}^{2}, \cdots, d_{[k_{n}]}^{n})^{T}$ $\in L\backslash S$ $S=S\cup\{x_{0}\}$
3 $W=\emptyset$ $j\in J$ (
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(a) $k_{j}>1$ $x_{-j}=(d_{[k_{1}]}^{1}, \cdots, d_{[k_{g}-1]}^{j}, \cdots, d_{[k_{\mathrm{n}}}^{n}])^{T}$ $W=W\cup\{x_{-j}\}$
(b) $k_{j}<m_{j}$ $x_{j}=$ ( $d_{[k_{1}]}^{1},$ $\cdots,$ $d_{[k_{\mathit{3}}+1]}^{j},$ $\cdots$ , dn[k ])T $W=W\cup\{x_{j}\}$
4 $W=\emptyset$ 1^ $x_{\eta}\in W$ $W=W\backslash$
$\{x_{\eta}\}$
5 $[x_{0}, x_{\eta}]\subset T$ 4^
(a) $x_{\eta}\in G$ $T=T\cup[x_{0}, x_{\eta}]$ $x_{\eta}\not\in L$ $L=L\cup\{x_{\eta}\}$ $4\wedge\text{ }$
(b) $x_{\eta}\not\in H$ $x_{\eta}$ (LP) $x_{\eta}\in E(D)$
$x_{\eta}\in E(D)$ $T=T\cup[x_{0}, x_{\eta}],$ $G=G\cup\{x_{\eta}\},$ $L=L\cup\{x_{\eta}\}$
4 $\circ$
(c) $x_{\eta}\in H$ $x_{\eta}\not\in H\cup E(D)$ $j=|\eta|$
$H=\{$
$H\cup\{(d_{[k_{1}]}^{1}, \cdots, d_{[p]}^{j}, \cdots, d_{[k_{n}]}^{n})^{T} : p=1,2, \cdots, k_{j}-1\}$ if $\eta<0$
$H\cup\{(d_{[k_{1}]}^{1}, \cdots, d_{[p]}^{j}, \cdots, d_{[k_{n}]}^{n})^{T} : p=k_{j}+1, \cdots, m_{j}\}$ if $\eta>0$
4 $\circ$
(P)
$\min(||x-d_{1}||_{1}, ||x-d_{2}||_{1}, ||x-d_{3}||_{1}, ||x-d_{4}||_{1}, ||x-d_{5}||_{1})^{T}$
$X\in \mathrm{R}^{4}$
$d_{1}=(3,0,4,1)^{T},$ $d_{2}=(4,2,0,2)^{T},$ $d_{3}=(2,1,3,3)^{T},$ $d_{4}=(0,4,5,4)^{T},$ $d_{5}=(1,5,2,5)^{T}$
$n=4,$ $m=5,$ $J=\{1,2,3,4\},$ $M=\{1,2,3,4,5\}$
2-1 0 $E(D)$
2 $E(D)$ $(x^{1}=0)$ 3 $E(D)$ $(0<x^{1}<1)$
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4 $E(D)$ $(x^{1}=1)$ 5 $E(D)$ $(1<x^{1}<2)$
6 $E(D)$ $(x^{1}=2)$ 7 $E(D)$ $(2<x^{1}<3)$
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